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Abstract
We extend our investigation of the IR effects on the local dynamics of matter fields in
quantum gravity. Specifically we clarify how the IR effects depend on the change of the
quantization scheme: different parametrization of the metric and the matter field redefini-
tion. Conformal invariance implies effective Lorentz invariance of the matter system in de
Sitter space. An arbitrary choice of the parametrization of the metric and the matter field
redefinition does not preserve the effective Lorentz invariance of the local dynamics. As for
the effect of different parametrization of the metric alone, the effective Lorentz symmetry
breaking term can be eliminated by shifting the background metric. In contrast, we cannot
compensate the matter field redefinition dependence by such a way. The effective Lorentz
invariance can be retained only when we adopt the specific matter field redefinitions where
all dimensionless couplings become scale invariant at the classical level. This scheme is also
singled out by unitarity as the kinetic terms are canonically normalized.
May 2013
∗E-mail address: kitamoto@post.kek.jp
†E-mail address: kitazawa@post.kek.jp
1 Introduction
In de Sitter (dS) space, the degrees of freedom at the super-horizon scale increase with cosmic
expansion. This increase leads to the dS symmetry breaking term in the propagator of a
massless and minimally coupled scalar field and gravitational field. The symmetry breaking
term is a direct consequence of the scale invariant spectrum and depends logarithmically
on the scale factor of the universe [1, 2, 3]. So in some field theoretic models in dS space,
physical quantities become time dependent through the propagator.
For a general scalar field theory, we need to fine-tune the mass term to obtain such infra-red
(IR) effects. On the other hand, the gravitational field contains massless and minimally
coupled modes without the fine-tuning. In this regard, the gravitational field is an attractive
candidate which induces the IR effects. Since the product of the gravitational constant κ2
and the Hubble constant H is small in most cases of physical interest: κ2H2 ≪ 1, the
quantum effects from gravity seem to be suppressed by the coupling. However, they are
associated with the growing time dependence as (κ2H2 log a(t))n, a(t) = eHt at the n-loop
level. It indicates that at late times, the IR effects may grow up to certain values which are
not suppressed by the coupling.
Observationally we live in a de Sitter like Universe while Lorentz invariance is well respected
in the laboratory. For examples, let us consider a massless and conformally coupled scalar
and massless Dirac field. At the classical level, Lorentz invariance follows from dS invariance
due to the conformal symmetry. At the sub-horizon scale, the Lorentz invariance holds in
non-conformally coupled field theories effectively. It is an important question to ask whether
the IR effects from quantum gravity respect the effective Lorentz invariance of microscopic
physics or not.
We have investigated soft gravitational effects on the local dynamics of matter fields at the
sub-horizon scale [4, 5]. Although we cannot observe the super-horizon modes directly, it
is possible that virtual gravitons of the super-horizon scale affect microscopic physics which
are directly observable. These investigations have been performed mainly on the gauge
introduced in [6]. We have shown that the IR effects respect the effective Lorentz invariance in
scalar, Dirac and gauge field theories at the one-loop level. It indicates that soft gravitational
effects on free field theories can be absorbed by wave function renormalization factors. In the
interacting field theories with φ4, Yukawa and gauge couplings, the dimensionless couplings
are dynamically screened by soft gravitons. Even when we deform the gauge fixing term
slightly, the effective Lorenz invariance of the local dynamics is preserved. Although the
time dependence of each coupling is gauge dependent, their relative scaling exponents are
gauge invariant.
In addition to the gauge dependence, the quantum gravitational effects depend on the
parametrization scheme of the metric. In [7, 8, 9, 10], soft gravitational effects on free
field theories have been investigated in the same gauge, but in a different parametrization
of the metric from ours. There is also a difference from ours in the choice of the matter
field redefinition. Actually the results obtained in these papers do not coincide with ours.
In particular, the IR effect on a free Dirac field breaks the effective Lorentz invariance. We
show the discrepancy originates just from the choice of the parametrization of the metric
and the matter field redefinition.
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Since we do not observe the breakdown of the effective Lorentz invariance in our quantization
scheme, there should be a prescription to retain it in a different quantization scheme. There
must be a reasoning to select which quantization scheme should be chosen for the description
of physics. In order to answer these questions, we clarify how the IR effects on the local
dynamics depend on the parametrization of the metric and the matter field redefinition.
The organization of this paper is as follows. In Section 2, we quantize the gravitational field
on the dS background. We identify the graviton modes which induces the dS symmetry
breaking. In Section 3, we clarify the parametrization dependence of soft gravitational
effects on the dS background. Specifically, we derive the results obtained in [7, 8, 9, 10] by
accounting the quantization scheme difference from ours [4, 5]. The discussion in Section 4 is
the main topic of this paper. Here we report the prescription to retain the effective Lorentz
invariance and the reasoning to select a quantization scheme which is appropriate for the
description of physics. We conclude with discussions in Section 5.
2 Gravitational field in dS space
In this section, we review the gravitational field in dS space. In the Poincare´ coordinate, the
metric in dS space is
ds2 = −dt2 + a2(t)dx2, a(t) = eHt, (2.1)
where the dimension of dS space is taken as D = 4 and H is the Hubble constant. In the
conformally flat coordinate,
(gµν)dS = a
2(τ)ηµν , a(τ) = − 1
Hτ
. (2.2)
Here the conformal time τ (−∞ < τ < 0) is related to the cosmic time t as τ ≡ − 1
H
e−Ht.
We assume that dS space begins at an initial time ti with a finite spacial extension. After a
sufficient exponential expansion, the dS space is well described locally by the above metric
irrespective of the spacial topology.
In our previous studies [4, 5], we have adopted the following parametrization of the metric:
gµν = Ω
2(x)g˜µν , Ω(x) = a(τ)e
κw(x), (2.3)
det g˜µν = −1, g˜µν = ηµρ(eκh(x))ρν , (2.4)
where κ is defined by the Newton’s constant G as κ2 = 16πG. To satisfy (2.4), hµν is taken
to be traceless
hµµ = 0. (2.5)
On the other hand, R.P. Woodard and his collaborators have adopted a different parametriza-
tion in [6, 7, 8, 9, 10]:
gµν = a
2(τ)(ηµν + 2κΦ(x)ηµν + κΨµν(x)). (2.6)
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To facilitate the comparison with our parametrization (2.3)-(2.5), we have divided the fluc-
tuation into the trace and traceless part
Ψµµ = 0. (2.7)
That is, w, hµν are equal to Φ, Ψµν up to the linear order. The deference between these two
parametrizations emerges in the non-linear order:
κw = κΦ− κ2Φ2 − 1
16
κ2ΨρσΨ
ρσ + · · · , (2.8)
κhµν = κΨµν − 2κ2ΦΨµν − 1
2
κ2Ψ ρµ Ψρν +
1
8
κ2ΨρσΨ
ρσηµν + · · · .
In the next section, we clarify how the parametrization difference contributes to the local
dynamics of matter fields. Before the discussion, let us derive the gravitational propagator.
In order to fix the gauge with respect to general coordinate invariance, we adopt the following
gauge fixing term [6]:
LGF = −1
2
a2FµF
µ, (2.9)
Fµ = ∂ρh
ρ
µ − 2∂µw + 2h ρµ ∂ρ log a+ 4w∂µ log a.
Note that in this paper, the Lagrangian density is defined including
√−g and the Lorentz
indexes are raised and lowered by ηµν and ηµν respectively. The corresponding ghost term
at the quadratic level is
Lghost =− a2∂ν b¯µ
{
ηµρ∂ν + ηνρ∂µ + 2ηµν∂ρ(log a)
}
bρ (2.10)
+ ∂µ(a
2b¯µ)
{
∂ν + 4∂ν(log a)
}
bν ,
where bµ is the ghost field and b¯µ is the anti-ghost field. As far as we adopt the same gauge
Fµ = ∂ρΨ
ρ
µ − 2∂µΦ + 2Ψ ρµ ∂ρ log a + 4Φ∂µ log a, (2.11)
we have only to identify the field components to obtain the propagator in the parametrization
(2.6)-(2.7):
w → Φ, hµν → Ψµν . (2.12)
In the parametrization (2.3)-(2.5), the scalar density and the Ricci scalar are written as
√−g = Ω4, R = Ω−2R˜− 6Ω−3g˜µν∇µ∂νΩ, (2.13)
where R˜ is the Ricci scalar constructed from g˜µν
R˜ = −∂µ∂ν g˜µν − 1
4
g˜µν g˜ρσg˜αβ∂µg˜ρα∂ν g˜σβ +
1
2
g˜µν g˜ρσg˜αβ∂µg˜σα∂ρg˜νβ. (2.14)
By substituting (2.13) and using the partial integration, the gravitational Lagrangian is
Lgravity = 1
κ2
√−g[R− 2Λ] = 1
κ2
[
Ω2R˜ + 6g˜µν∂µΩ∂νΩ− 6H2Ω4
]
, (2.15)
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where Λ = 3H2.
From (2.9), (2.10), (2.14) and (2.15), the quadratic part of the total gravitational Lagrangian
density is
Lquadratic = a4
[ 1
2
a−2∂µX∂
µX − 1
4
a−2∂µh˜
i
j∂
µh˜ji − a−2∂µb¯i∂µbi (2.16)
+
1
2
a−2∂µh
0i∂µh0i +H2h0ih0i − 1
2
a−2∂µY ∂
µY −H2Y 2
+ a−2∂µb¯
0∂µb0 + 2H2b¯0b0
]
.
Here we have decomposed hi j, i, j = 1, · · · , 3 into the trace and traceless part
hi j = h˜
i
j +
1
3
hkkδ
i
j = h˜
i
j +
1
3
h00δij . (2.17)
The action has been diagonalized by the following linear combination
X = 2
√
3w − 1√
3
h00, Y = h00 − 2w. (2.18)
The quadratic action (2.16) contains two types of fields, massless and minimally coupled
fields: X, hi j, b
i, b¯i and massless conformally coupled fields: h0i, b0, b¯0, Y . We list the corre-
sponding propagators as follows
〈X(x)X(x′)〉 = −〈ϕ(x)ϕ(x′)〉, (2.19)
〈h˜i j(x)h˜kl(x′)〉 = (δikδjl + δilδ kj −
2
3
δijδ
k
l)〈ϕ(x)ϕ(x′)〉,
〈bi(x)b¯j(x′)〉 = δij〈ϕ(x)ϕ(x′)〉,
〈h0i(x)h0j(x′)〉 = −δij〈φ(x)φ(x′)〉, (2.20)
〈Y (x)Y (x′)〉 = 〈φ(x)φ(x′)〉,
〈b0(x)b¯0(x′)〉 = −〈φ(x)φ(x′)〉.
Here ϕ denotes a massless and minimally coupled scalar field and φ denotes a massless
conformally coupled scalar field
〈ϕ(x)ϕ(x′)〉 = H
2
4π2
{1
y
− 1
2
log y +
1
2
log a(τ)a(τ ′) + 1− γ}, (2.21)
〈φ(x)φ(x′)〉 = H
2
4π2
1
y
, (2.22)
where γ is Euler’s constant and y is the dS invariant distance
y = ∆xµ∆x
µ/ττ ′, ∆x0 = τ − τ ′, ∆xi = xi − x′i. (2.23)
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The existence of the logarithmic term: log a(τ)a(τ ′) indicates that the propagator for a
massless and minimally coupled scalar field breaks the dS symmetry. In particular, it breaks
the scale invariance
τ → Cτ, xi → Cxi. (2.24)
To explain what causes the dS symmetry breaking, we recall the wave function for a massless
and minimally coupled field
φp(x) =
Hτ√
2p
(1− i 1
pτ
)e−ipτ+ip·x. (2.25)
At the sub-horizon scale P ≡ p/a(τ) ≫ H ⇔ p|τ | ≫ 1, this wave function approaches to
that in Minkowski space up to a cosmic scale factor
φp(x) ∼ Hτ√
2p
e−ipτ+ip·x. (2.26)
On the other hand, the behavior at the super-horizon scale P ≪ H is
φp(x) ∼ H√
2p3
eip·x. (2.27)
The IR behavior indicates that the corresponding propagator has a scale invariant spectrum.
As a direct consequence of it, the propagator has a logarithmic divergence from the IR
contributions in the infinite volume limit.
To regularize the IR divergence, we introduce an IR cut-off ε0 which fixes the minimum value
of the comoving momentum. The minimum value of the physical momentum is ε0/a(τ) as
their wavelength is stretched by cosmic expansion. With this prescription, more degrees of
freedom accumulate at the super-horizon scale with cosmic evolution. Due to this increase,
the propagator acquires the growing time dependence which spoils the dS symmetry. In
tribute to its origin, we call this type of dS symmetry breaking term the IR logarithm.
Physically speaking, 1/ε0 is recognized as an initial size of universe when the exponential
expansion starts. For simplicity, we set ε0 = H in (2.21).
As there is explicit time dependence in the propagator, physical quantities can acquire time
dependence through the quantum loop corrections. We call them the quantum IR effects
in dS space. Focusing on the leading IR effects, we introduce an approximation. We can
neglect conformally coupled modes of gravity since they do not induce the IR logarithm.
Then, the following two modes are identified as
h00 ≃ 2w ≃
√
3
2
X. (2.28)
From (2.19) and (2.28), we have only to focus on the following propagators after retaining
massless and minimally coupled modes from gravity
〈h00(x)h00(x′)〉 ≃ −3
4
〈ϕ(x)ϕ(x′)〉, (2.29)
〈h00(x)hi j(x′)〉 ≃ −
1
4
δij〈ϕ(x)ϕ(x′)〉,
〈hi j(x)hkl(x′)〉 ≃ (δikδjl + δilδ kj −
3
4
δijδ
k
l)〈ϕ(x)ϕ(x′)〉.
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3 Quantization scheme dependence
In this section, we clarify the quantization scheme dependence of soft gravitational effects
on the dS background. Specifically, we investigate the IR effects on the local dynamics of
matter fields at the sub-horizon scale which are directly observable. Let us consider a matter
action with conformal invariance first such as the massless Dirac field
LD = i
√−gψ¯eµaγa∇µψ, (3.1)
where eµa is the vierbein, ∇µ is the covariant derivative and γa satisfy
γaγb + γbγa = −2ηab. (3.2)
Since dS space is conformally flat, the matter action possesses the symmetry of flat space,
namely Lorentz invariance at the classical level. In [11], the IR effects on a free Dirac field
theory with a small mass relative to the Hubble scale have been investigated. We emphasize
that in this paper, we can neglect the mass term because we focus on the local dynamics
at the sub-horizon scale. In the same way, our investigation covers a more generic situation
such as the massless and minimally coupled scalar field
Ls = −1
2
√−ggµν∂µϕ∂νϕ, (3.3)
where conformal invariance of a matter action holds at short distance and Lorentz invariance
appears as an effective symmetry. Considering quantum corrections on them, it is a non-
trivial question whether soft gravitons preserve the effective Lorentz invariance of the local
dynamics. In order to answer this question, we evaluate the IR effects on the kinetic terms
(3.1), (3.3).
Let us consider the field redefinition by the conformal transformation. We should note that
there is a difference of the matter field redefinition between [4, 5] and [7, 8, 9, 10]. The
following field redefinition is adopted in [4, 5]:
ϕ0 = Ωϕ, ψ0 = Ω
3
2ψ. (3.4)
The corresponding Lagrangians are
Ls = −1
2
g˜µν∂µϕ0∂νϕ0 − 1
2
Ω−1∂µ
{
g˜µν∂νΩ
}
ϕ20, (3.5)
LD = iψ¯0γae˜µa∇µ|g˜ρσψ0, (3.6)
where e˜µa is
e˜µa = (e
− 1
2
κh)µa, (3.7)
and ∇µ|g˜ρσ denotes the covariant derivative with respect to g˜ρσ.
On the other hand, the following field redefinition is adopted in [7, 8, 9, 10]:
φw = aφ, ψw = a
3
2ψ. (3.8)
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The corresponding Lagrangians are
Ls = −1
2
e2κwg˜µν∂µϕw∂νϕw − 1
2
a−1∂µ
{
e2κwg˜µν∂νa
}
ϕ2w, (3.9)
LD = iψ¯wγae3κwe˜µa∇µ|e2κw g˜ρσψw. (3.10)
First, we review the IR effects in the parametrization (2.3)-(2.5), with the field redefinition
(3.4). In investigating interacting field theories on a time dependent background like dS
space, we need to adopt the Schwinger-Keldysh path [12, 13]
, (3.11)
∫
C
dt =
∫ ∞
−∞
dt+ −
∫ ∞
−∞
dt−.
Since there are two time indices +,− in this path, the propagator has four components
(〈ϕ+(x)ϕ+(x′)〉 〈ϕ+(x)ϕ−(x′)〉
〈ϕ−(x)ϕ+(x′)〉 〈ϕ−(x)ϕ−(x′)〉
)
=
(〈Tϕ(x)ϕ(x′)〉 〈ϕ(x′)ϕ(x)〉
〈ϕ(x)ϕ(x′)〉 〈T˜ϕ(x)ϕ(x′)〉
)
, (3.12)
where ϕ denotes the quantum fluctuation of an arbitrary field component and T˜ denotes the
anti-time ordering. We divide the field component into the classical field and the quantum
fluctuation
ϕ→ ϕˆ+ ϕ. (3.13)
By ordering the quantum fluctuation along the path (3.11), we can derive the effective
equation of motion [14]
δΓ[ϕˆ+, ϕˆ−]
δϕˆ+
∣∣
ϕˆ+=ϕˆ−=ϕˆ
= 0. (3.14)
Here Γ denotes the effective action. Since our models contain massless field components, we
need to set the classical fields to be off-shell. As explained later, the IR singularity at the
on-shell limit is irrelevant with the dS symmetry breaking.
Concerning the internal loop contributions at the one-loop level, we can clearly separate IR
contributions and ultra-violet (UV) contributions relative to the Hubble scale. As far as IR
logarithms are concerned, we can safely ignore UV contributions and hence UV divergences
altogether. This is the strategy we adopt in this paper. UV divergences and the counter
terms never depend on time explicitly as short distance degrees of freedom is held constant.
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Up to the one-loop level, the effective equations of motion are written as
∂2ϕˆ0(x) +
1
2
κ2∂µ{〈(hµρ)+(x)(h νρ )+(x)〉∂νϕˆ0(x)} (3.15)
+ iκ2∂µ
∫
d4x′ cAB∂
′
σ
{〈(hµν)+(x)(hρσ)A(x′)〉〈∂ν(ϕ0)+(x)∂′ρ(ϕ0)B(x′)〉}ϕˆ0(x′)
+ iκ2
∫
d4x′ cAB〈∂2w+(x)∂′2wA(x′)〉〈(ϕ0)+(x)(ϕ0)B(x′)〉ϕˆ0(x′) ≃ 0,
iγµ∂µψˆ0(x) + i
κ2
8
〈(hµρ)+(x)(hρa)+(x)〉γa∂µψˆ0(x) (3.16)
+ i
κ2
4
∫
d4x′ cAB∂
′
ν
{〈(hµa)+(x)(hνb)A(x′)〉γa〈∂µ(ψ0)+(x)(ψ¯0)B(x′)〉}γbψˆ0(x′) ≃ 0,
where cAB is identified as
cAB =
(
1 0
0 −1
)
. (3.17)
In (3.15) and (3.16), we have only shown the terms with the IR logarithms which are of the
following type: log a(τ)∂∂ϕˆ0(x), log a(τ)∂ψˆ0(x). At the sub-horizon scale, we can neglect
the derivative of the scale factor ∂µa in comparison to the external momentum of the matter:
P ≫ H ⇔ a∂µϕˆ0 ≫ (∂µa)ϕˆ0, a∂µψˆ0 ≫ (∂µa)ψˆ0, (3.18)
where P denotes the external physical momentum scale of the matter. It implies that the
dS background evolves slowly in comparison to the matter dynamics at the sub-horizon
scale. Furthermore, we have assumed that the differentiated gravitons do not induce the
IR logarithms. Since the four-point vertices contribute only to the local dynamics, that can
be easily confirmed for them. Specifically the contributions from the four-point vertices are
evaluated as
1
2
κ2∂µ
{〈(hµρ)+(x)(h νρ )+(x)〉∂νϕˆ0(x)} ≃ κ
2H2
4π2
log a(τ)
{3
8
∂20 +
13
8
∂2i
}
ϕˆ0(x), (3.19)
i
κ2
8
〈(hµρ)+(x)(hρa)+(x)〉γa∂µψˆ0(x) ≃ i
κ2H2
4π2
log a(τ)
{− 3
32
γ0∂0 +
13
32
γi∂i
}
ψˆ0(x). (3.20)
Here we have used the approximate identities (2.29) and extracted the O(log a(τ)) terms.
On the other hand, the three-point vertices lead to the local and non-local contributions. In
order to extract the local dynamics with the IR logarithm, it is useful to keep the following
points in mind. As for the classical fields, we need to expand them up to the following orders:
ϕˆ0(x
′)→ (1−∆xα∂α + 1
2
∆xα∆xβ∂α∂β)ϕˆ0(x), (3.21)
ψˆ0(x
′)→ (1−∆xα∂α)ψˆ0(x).
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As for the quantum fluctuations, we claim that the IR logarithms come only from the prop-
agator of a massless and minimally coupled field left intact by differential operators as we
explain subsequently. To evaluate the integrals up to O(log a(τ)), we may extract the dS
broken term in the propagator
〈ϕ0(x)ϕ0(x′)〉, 〈hµν(x)hρσ(x)〉 → H
2
8π2
log a(τ)a(τ ′). (3.22)
and move it out of the integrals:
iκ2∂µ
∫
d4x′ cAB∂
′
σ
{〈(hµν)+(x)(hρσ)A(x′)〉〈∂ν(ϕ0)+(x)∂′ρ(ϕ0)B(x′)〉}ϕˆ0(x′) (3.23)
≃ iκ2〈(hµν)+(x)(hρσ)+(x)〉∂µ
∫
d4x′ cA〈∂ν(ϕ0)+(x)∂′ρ∂′σ(ϕ0)A(x′)〉ϕˆ0(x′),
iκ2
∫
d4x′ cAB〈∂2w+(x)∂′2wA(x′)〉〈(ϕ0)+(x)(ϕ0)B(x′)〉ϕˆ0(x′) (3.24)
≃ iκ2〈(ϕ0)+(x)(ϕ0)+(x)〉
∫
d4x′ cA〈∂2w+(x)∂′2wA(x′)〉ϕˆ0(x′),
i
κ2
4
∫
d4x′ cAB∂
′
ν
{〈(hµa)+(x)(hνb)A(x′)〉γa〈∂µ(ψ0)+(x)(ψ¯0)B(x′)〉}γbψˆ0(x′) (3.25)
≃ iκ
2
4
〈(hµa)+(x)(hνb)+(x)〉
∫
d4x′ cAγ
a〈∂µ(ψ0)+(x)∂′ν(ψ¯0)A(x′)〉γbψˆ0(x′),
where cA is identified as c± = ±1 (the order of double-sign corresponds). This approximation
method has been introduced in Yukawa theory and scalar QED [15, 16, 17].
The dS invariant terms which we have neglected in (3.22) seem to induce the IR logarithms
after the time integration at first sight ∫ τ
τi
dτ ′
τ ′
, (3.26)
where τi denotes an initial time which cuts-off the IR logarithms. However if we set the
classical fields to be off-shell, the integrand is constantly oscillating. So the integral over the
negatively large conformal time is suppressed by the inverse of the virtuality.
At the on-shell limit, we can argue that this kind of IR divergences cancel just like Kinoshita-
Lee-Nauenberg theorem in field theory [18, 19]. We need to recall that a matter particle is
accompanied by soft gravitons. We cannot distinguish a single particle state and a state
with a particle and a soft or collinear graviton if the difference of the total energy is smaller
than the energy resolution for a fixed total momentum. In fact, (3.22) is not entirely correct
as we need to include such an off-shell contribution in (3.22). Specifically we claim that the
non-local contributions from the following combination are IR finite:
^

A
,
^

B
. (3.27)
9
Here the vertical line segment indicates a derivative with respect to the classical field and
propagators cut by the dotted line are on-shell. The diagram A contains the local and non-
local terms with IR logarithms. The diagram B represents the squared amplitude φ→ hµνφ
with the classical field and contains the non-local terms with IR logarithms. In a derivation
of a Boltzmann equation, the cancellation of the non-local IR singularities follows from the
Schwinger-Dyson equation. We have indeed found that the leading IR effects are canceled
between the real and virtual processes in dS space [20]. The investigation has been performed
in ϕ3, ϕ4 theories. Nevertheless we can argue that the cancellation takes place in any unitary
model as the total spectral weight is preserved.
As a consequence, the lower bound of the integral is given by the virtuality
√
pµpµ or the
energy resolution of the observation ∆ǫ:
∫ τ
−1/√pµpµ
dτ ′
τ ′
= log(−√pµpµτ),
∫ τ
−1/∆ǫ
dτ ′
τ ′
= log(−∆ǫτ). (3.28)
These integrals are invariant under the scale transformation (2.24). In other words, these
logarithms are time independent when they are expressed by the physical momentum scales√
PµP µ = −√pµpµHτ , ∆E = −∆ǫHτ . That is why we have neglected them. In order to
probe local dynamics of matter fields, we can perform experiments in the laboratory. We
thus hold the physical momentum fixed in such a situation.
As stated in (3.18), we focus on the coefficients of ∂∂ϕˆ0(x), ∂ψˆ0(x). In the remaining
integrals, the twice differentiated propagators contribute to the local terms as follows
∂µ∂ν
1
∆x2++
→ −4iπ2δ 0µ δ 0ν δ(4)(x− x′). (3.29)
So to investigate the local dynamics, we have only to focus on the most singular parts of the
propagators
〈φ0(x)φ0(x′)〉 = 1
4π2
1
∆x2
, 〈ψ0(x)ψ¯0(x′)〉 = iγρ∂ρ〈φ0(x)φ0(x′)〉, (3.30)
〈ϕ0(x)ϕ0(x′)〉 → 1
4π2
1
∆x2
, 〈w(x)w(x′)〉 → −1
8
× H
2
4π2
1
y
.
From (3.21) and (3.30), the remaining integrals are evaluated as
i∂µ
∫
d4x′ cA〈∂ν(ϕ0)+(x)∂′ρ∂′σ(ϕ0)A(x′)〉ϕˆ0(x′) (3.31)
→ {δ 0µ δ 0ν ∂ρ∂σ + δ 0µ δ 0ρ ∂ν∂σ + δ 0µ δ 0σ ∂ν∂ρ + δ 0ν δ 0ρ ∂µ∂σ + δ 0ν δ 0σ ∂µ∂ρ + δ 0ρ δ 0σ ∂µ∂ν
− 2(δ 0µ δ 0ν δ 0ρ ∂σ + δ 0µ δ 0ν δ 0σ ∂ρ + δ 0µ δ 0ρ δ 0σ ∂ν + δ 0ν δ 0ρ δ 0σ ∂µ)∂0
+ 4δ 0µ δ
0
ν δ
0
ρ δ
0
σ ∂
2
0 + δ
0
µ δ
0
ν δ
0
ρ δ
0
σ ∂
2
}
ϕˆ0(x),
i
∫
d4x′ cA〈∂2w+(x)∂′2wA(x′)〉ϕˆ0(x′)→ 1
8
a−2(τ)∂2ϕˆ0(x), (3.32)
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i∫
d4x′ cAγ
a〈∂µ(ψ0)+(x)∂′ν(ψ¯0)A(x′)〉γbψˆ0(x′) (3.33)
→ iγaγργb{− (δ 0µ δ 0ν ∂ρ + δ 0µ δ 0ρ ∂ν + δ 0ν δ 0ρ ∂µ) + 2δ 0µ δ 0ν δ 0ρ ∂0}ψˆ0(x).
For more details of the derivation, please refer to [4]. From (2.29), (3.23)-(3.25) and (3.31)-
(3.33), the local terms from the three-point vertices are evaluated up to O(log a(τ)) as follows
iκ2∂µ
∫
d4x′ cAB∂
′
σ
{〈(hµν)+(x)(hρσ)A(x′)〉〈∂ν(ϕ0)+(x)∂′ρ(ϕ0)B(x′)〉}ϕˆ0(x′) (3.34)
→ κ
2H2
4π2
log a(τ)
{− 3
4
∂20 −
5
4
∂2i
}
ϕˆ0(x),
iκ2
∫
d4x′ cAB〈∂2w+(x)∂′2wA(x′)〉〈(ϕ0)+(x)(ϕ0)B(x′)〉ϕˆ0(x′) (3.35)
→ κ
2H2
4π2
log a(τ)× 1
8
∂2ϕˆ0(x),
i
κ2
4
∫
d4x′ cAB∂
′
ν
{〈(hµa)+(x)(hνb)A(x′)〉γa〈∂µ(ψ0)+(x)(ψ¯0)B(x′)〉}γbψˆ0(x′) (3.36)
→ iκ
2H2
4π2
log a(τ)
{ 3
16
γ0∂0 − 5
16
γi∂i
}
ψˆ0(x).
From (3.19)-(3.20) and (3.34)-(3.36), the effective equations of motion up to the one-loop
level are
{
∂2 +
1
2
κ2H2
4π2
log a(τ)∂2
}
ϕˆ0(x) ≃ 0, (3.37)
i
{
γµ∂µ +
3
32
κ2H2
4π2
log a(τ)γµ∂µ
}
ψˆ0(x) ≃ 0. (3.38)
The relative weights between the time derivative terms and the spatial derivative terms
are equal to −1. In this regard, the total of the IR effects preserve the effective Lorentz
invariance while the IR effect from each diagram does not always preserve it. Let us recall
the left-hand side of (3.37) and (3.38) are the variations of the off-shell effective action with
respect to fields. We apply a renormalization procedure to the off-shell effective action to
make the kinetic terms to be canonical. In this way the final IR logarithmic effects can be
absorbed by the wave function renormalization factors
ϕ0 → Zϕϕ0, Zϕ ≃ 1− 1
4
κ2H2
4π2
log a(τ), (3.39)
ψ0 → Zψψ0, Zψ ≃ 1− 3
64
κ2H2
4π2
log a(τ). (3.40)
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Note that we can neglect the derivative of log a(τ) at the sub-horizon scale. We conclude
that there is no physical effect from IR logarithms in free field theories at the sub-horizon
scale.
Next, let us translate (3.37), (3.38) into the quantum equations in the parametrization
(2.6)-(2.7), with the field redefinition (3.8). The parametrization difference of the metric
(2.8) contributes only to the tadpole diagrams at the one-loop level:
∆(δΓ/δϕˆ)|metric = −κ∂µ
{〈(hµν)+(x)〉|NL∂νϕˆ0(x)}, (3.41)
∆(δΓ/δψˆ)|metric = −iκ
2
〈(hµa)+(x)〉|NLγa∂µψˆ0(x), (3.42)
where κ〈hµν(x)〉|NL is identified as
κ〈hµν(x)〉|NL = −2κ2〈Φ(x)Ψµν(x)〉 − 1
2
κ2〈Ψ ρµ (x)Ψρν(x)〉+
1
8
κ2〈Ψρσ(x)Ψσρ(x)〉ηµν . (3.43)
From (2.12) and (2.29), these differences are evaluated as
∆(δΓ/δϕˆ)|metric ≃ κ
2H2
4π2
log a(τ)
{3
4
∂20 +
1
4
∂2i
}
ϕˆ0(x), (3.44)
∆(δΓ/δψˆ)|metric ≃ iκ
2H2
4π2
log a(τ)
{− 3
8
γ0∂0 +
1
8
γi∂i
}
ψˆ0(x). (3.45)
In addition to them, the matter field redefinition ϕ0 → ϕw, ψ0 → ψw does not only relabel
the matter fields but contributes to the quantum equations as:
∆(δΓ/δϕˆ)|field (3.46)
= ∂µ
{(
2κ〈w+(x)〉|NLηµν + 2κ2〈w+(x)w+(x)〉ηµν − 2κ2〈w+(x)(hµν)+(x)〉
)
∂νϕˆw(x)
}
+ iκ2∂µ
∫
d4x′ cAB∂
′
σ
{(
4〈w+(x)wA(x′)〉ηµνηρσ − 2〈w+(x)(hρσ)A(x′)〉ηµν
− 2〈(hµν)+(x)wA(x′)〉ηρσ
)〈∂ν(ϕw)+(x)∂′ρ(ϕw)B(x′)〉}ϕˆw(x′)
− iκ2
∫
d4x′ cAB〈∂2w+(x)∂′2wA(x′)〉〈(ϕw)+(x)(ϕw)B(x′)〉ϕˆw(x′),
∆(δΓ/δψˆ)|field (3.47)
= i
(
3κ〈w+(x)〉|NLηµa +
9
2
κ2〈w+(x)w+(x)〉ηµa −
3
2
κ2〈w+(x)(hµa)+(x)〉
)
γa∂νψˆw(x)
+ iκ2
∫
d4x′ cAB∂
′
ν
{(
9〈w+(x)wA(x′)〉ηµaηνb −
3
2
〈w+(x)(hνb)A(x′)〉ηµa
− 3
2
〈(hµa)+(x)wA(x′)〉ηνb
)
γa〈∂µ(ψw)+(x)(ψ¯w)B(x′)〉
}
γbψˆw(x
′),
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where κ〈w(x)〉|NL originates in the parametrization difference of the metric (2.8)
κ〈w(x)〉|NL = −κ2〈Φ2(x)〉 − 1
16
κ2〈Ψρσ(x)Ψρσ(x)〉. (3.48)
The last line of (3.46) denotes the elimination of (3.35) from (3.15). In a similar way to (3.34)-
(3.36), we can evaluate each term of (3.46) and (3.47). By summing them, the contributions
from the different field redefinition manifest as
∆(δΓ/δϕˆ)|field ≃ κ
2H2
4π2
log a(τ)
{− 1
4
∂20 −
3
4
∂2i
}
ϕˆw(x), (3.49)
∆(δΓ/δψˆ)|field ≃ iκ
2H2
4π2
log a(τ)
{ 9
32
γ0∂0 − 15
32
γi∂i
}
ψˆw(x). (3.50)
See Appendix A for detailed calculations.
From (3.37)-(3.38), (3.44)-(3.45) and (3.49)-(3.50), the effective equations of motion are
translated as
{
∂2 + 0 · κ
2H2
4π2
log a(τ)∂2
}
ϕˆw(x) ≃ 0, (3.51)
i
{
γµ∂µ − 1
4
κ2H2
4π2
log a(τ)γi∂i
}
ψˆw(x) ≃ 0. (3.52)
The result (3.51) is consistent with the cancellation of the IR logarithms shown in [7].
Although (3.52) does not correspond with the result obtained in [9, 10], we should note that
the authors of these papers focus on the dynamics at the super-horizon scale. By focusing
on the dynamics at the sub-horizon scale, we can derive (3.52) from Eq. (229) in [8].
Eq. (3.52) breaks the effective Lorentz invariance. Since we have shown that the effective
Lorentz invariance holds in our original quantization scheme, there should be a prescription
to retain it in a different quantization scheme. There must be a reasoning to select which
quantization scheme should be chosen for the description of physics. We address these
questions in the next section.
4 Prescription to retain the effective Lorentz invari-
ance
In investigating how to retain the effective Lorentz invariance, we deal with the different
parametrization of the metric and the matter field redefinition separately. First, let us con-
sider the violations of the effective Lorentz symmetry due to the different parametrization of
the metric. We should remember that the parametrization dependence of the metric emerges
only in the tadpole diagrams (3.41), (3.42). So we can compensate them by introducing the
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classical expectation value of the background metric. Note that the gravitational action is
stationary with this shift.
hµν → vµν + hµν , vµµ = 0, (4.1)
κvµν = −κ〈hµν〉|NL ≃ κ
2H2
4π2
log a(τ)
{3
4
δ 0µ δ
0
ν +
1
4
(ηµν + δ
0
µ δ
0
ν )
}
. (4.2)
At least at the one-loop level, the compensation by shifting the background metric is available
not only for the difference between (2.3)-(2.5) and (2.6)-(2.7), but also for an arbitrary
difference of the parametrization of the metric. It is because the difference at the non-linear
level emerges only in the tadpole diagrams at the one-loop order.
Next, we consider the violations of the effective Lorentz symmetry due to the matter field
redefinition. Of the diagrams which contribute to (3.46) and (3.47), the following ones break
the effective Lorentz symmetry:
∂µ
{− 2κ2〈w+(x)(hµν)+(x)〉∂νϕˆw(x)} (4.3)
+ iκ2∂µ
∫
d4x′ cAB∂
′
σ
{(− 2〈w+(x)(hρσ)A(x′)〉ηµν − 2〈(hµν)+(x)wA(x′)〉ηρσ)
× 〈∂ν(ϕw)+(x)∂′ρ(ϕw)B(x′)〉
}
ϕˆw(x
′)
→ κ
2H2
4π2
log a(τ)
{− 3
4
∂20 −
1
4
∂2i
}
ϕˆw(x),
− i3
2
κ2〈w+(x)(hµa)+(x)〉γa∂µψˆw(x) (4.4)
+ iκ2
∫
d4x′ cAB∂
′
ν
{(− 3
2
〈w+(x)(hνb)A(x′)〉ηµa −
3
2
〈(hµa)+(x)wA(x′)〉ηνb
)
× γa〈∂µ(ψw)+(x)(ψ¯w)B(x′)〉
}
γbψˆw(x
′)
→ iκ
2H2
4π2
log a(τ)
{ 9
16
γ0∂0 − 3
16
γi∂i
}
ψˆw(x).
See Appendix A for more details. Unlike the violations due to the different parametrization
of the metric, we cannot compensate them altogether by shifting the background metric.
In order to clarify the field redefinition dependence, we introduce parameters αs, αD as
follows
ϕαs = ae
2−αs
2
κwϕ, ψαD = a
3
2 e
3−αD
2
κwψ. (4.5)
The corresponding Lagrangians are
Ls = −1
2
eαsκwg˜µν∂µϕαs∂νϕαs −
1
2
(ae
2−αs
2
κw)−1∂µ
{
eαsκwg˜µν∂ν(ae
2−αs
2
κw)
}
ϕ2αs , (4.6)
LD = iψ¯αDγaeαDκwe˜µa∇µ|e 23αDκw g˜ρσψαD . (4.7)
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The matter field redefinition (3.4) corresponds with
αs = αD = 0, (4.8)
and (3.8) corresponds with
αs = 2, αD = 3. (4.9)
By the matter field redefinition ϕ0 → ϕαs, ψ0 → ψαD , the effective Lorentz invariance is
broken by the following contributions
∂µ
{− αsκ2〈w+(x)(hµν)+(x)〉∂νϕˆαs(x)} (4.10)
+ iκ2∂µ
∫
d4x′ cAB∂
′
σ
{(− αs〈w+(x)(hρσ)A(x′)〉ηµν − αs〈(hµν)+(x)wA(x′)〉ηρσ)
× 〈∂ν(ϕαs)+(x)∂′ρ(ϕαs)B(x′)〉
}
ϕˆαs(x
′)
→ κ
2H2
4π2
log a(τ)× αs
{− 3
8
∂20 −
1
8
∂2i
}
ϕˆαs(x),
− i1
2
αDκ
2〈w+(x)(hµa)+(x)〉γa∂µψˆαD(x) (4.11)
+ iκ2
∫
d4x′ cAB∂
′
ν
{(− αD
2
〈w+(x)(hνb)A(x′)〉ηµa −
αD
2
〈(hµa)+(x)wA(x′)〉ηνb
)
× γa〈∂µ(ψαD)+(x)(ψ¯αD)B(x′)〉
}
γbψˆαD(x
′)
→ iκ
2H2
4π2
log a(τ)× αD
{ 3
16
γ0∂0 − 1
16
γi∂i
}
ψˆαD(x).
These violations can be compensated together by shifting of the background metric only
when
αs = αD = α. (4.12)
In this case, including (4.2), the classical expectation value of metric is identified as
κvµν =
κ2H2
4π2
log a(τ)
{3
4
δ 0µ δ
0
ν +
1
4
(ηµν + δ
0
µ δ
0
ν )
}
(4.13)
+
κ2H2
4π2
log a(τ)× α{− 3
8
δ 0µ δ
0
ν −
1
8
(ηµν + δ
0
µ δ
0
ν )
}
.
As seen in (4.8) and (4.9), the matter field redefinition (3.4) belongs to the effective Lorentz
invariant cases (4.12) while (3.8) does not. We claim that the matter field redefinition (3.4)
is the natural choice for the description of physics. To show our reasoning, let us consider
the following self-interaction with the dimensionless couplings:
L4 = −λ4
4!
√−gϕ4, LY = −λY
√−gϕψ¯ψ. (4.14)
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In any case other than (3.4), these dimensionless couplings are scale dependent even at the
classical level
L4 = −e2αsκwλ4
4!
ϕ4αs, LY = −e(
1
2
αs+αD)κwλYϕαsψ¯αDψαD . (4.15)
Furthermore, we should note that the kinetic terms are canonically normalized in the pre-
scription (3.4). It simultaneously indicates that unitarity is respected [21]. Thus unitarity
also singles out this scheme. In field theory, unitarity and symmetry are intimately related
as we find such a correspondence here in quantum gravity.
A sensible setting is that the kinetic terms are canonically normalized. In this setting,
dimensionless couplings are scale dependent only when we consider quantum corrections to
them. The choice of the matter field redefinition (3.4) is a unique way to satisfy such a
requirement. Once we adopt this scheme, the remaining parametrization dependence of the
metric can be eliminated by shifting the background metric (4.1). In this way, we can obtain
the results which preserve the effective Lorentz invariance. We point out that they do not
depend on the parametrization of the metric.
5 Conclusion
The gravitational field on the dS background contains the scale invariant spectrum which is
dominant at the super-horizon scale. The existence of the scale invariant spectrum indicates
the sensitivity for a size of the universe. That is, the exponential expansion leads to the dS
symmetry breaking term in the corresponding propagator.
In the previous works [4, 5], we have investigated soft gravitational effects on the local
dynamics of matter fields at the one-loop level. There, we have adopted the gauge fixing term
(2.9), the parametrization of the metric (2.3)-(2.5) and the matter field redefinition (3.4). In
these settings, the effective Lorentz invariance of scalar, Dirac and gauge field theories are
preserved and the couplings of φ4, Yukawa and gauge interactions are dynamically screened
by soft gravitons. The preservation of the effective Lorentz invariance is true even when we
deform the gauge fixing term slightly. Furthermore the time evolutions of these couplings
are physical as their relative scaling exponents are gauge invariant.
We extend our investigation of the IR effects on the local dynamics of matter fields in this
paper. Specifically, we have clarified how the IR effects are depend on the quantization
scheme: parametrization of the metric and the matter field redefinition. An arbitrary choice
of the parametrization of the metric and the matter field redefinition do not allow the effective
Lorentz invariance of the local dynamics. As for the parametrization dependence of the
metric, we have shown that the violation terms of the effective Lorentz symmetry can be
eliminated by shifting the background metric.
In contrast, we cannot compensate the field redefinition dependence by the shift of the
background metric. We have found that the effective Lorentz invariance can be retained
only when we adopt the matter field redefinitions (4.12). Our choice in the previous works
(3.4) belongs to this case. In particular, we claim that our choice is the most preferable
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to describe physics. It is because only when we adopt the matter field redefinition (3.4),
unitarity is respected as the kinetic terms are canonically normalized and all dimensionless
couplings of self-interactions become scale independent at the classical level. In canonical
quantization with a Hamiltonian, unitarity is manifest. However it is not so in a Lagrangian
formalism since we need to worry about non-trivial Jacobians. In many cases, symmetry
picks up a unitary theory such as gauge symmetry for a gauge theory and reparametrization
invariance for a non-linear sigma model. In our case, conformal invariance plays such a role.
By selecting this matter field redefinition and shifting the background metric, the IR effects
on the kinetic terms are equal to our results in the previous works [4, 5]. That is, the IR
effects on the kinetic terms preserve the effective Lorentz invariance and can be absorbed
by the wave function renormalization factors. We conclude that there is no physical effect
from IR logarithms in free field theories at the sub-horizon scale. This conclusion implies
that there is no IR logarithmic effect in generating curvature perturbation when we study
CMB. The IR divergences due to soft gravitons can be eliminated by a time dependent wave
function renormalization. It is because the logarithmic time dependence can be regarded
as constant in time at sub-horizon scale. When we study IR effects in CMB, we still need
to understand whether there is any logarithmic IR effect to curvature perturbation at the
super-horizon scale while it classically stays constant.
Also for the IR effects on the dimensionless couplings, we can obtain the same results in
the previous works. It is because the shift of the background metric contributes only to the
tadpole diagrams at the one-loop level and we have only to consider soft gravitons running
between the vertices except for the wave function renormalization factors.
We should emphasize that our investigations in this paper and the previous works are up to
the one-loop level. It is a non-trivial question whether the effective Lorentz invariance of the
local dynamics and the gauge invariance of the scaling exponents of the effective couplings
hold at higher loop levels. In particular, the shift of the background metric contributes not
only to the tadpole diagrams but other types of diagrams at higher loop levels. In addition,
we have not investigated the gauge dependences of the IR effects against large deformations
of the gauge fixing term (2.9). The investigations of the IR effects in these regions are open
issues.
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A Local terms with IR logarithms from (3.46), (3.47)
In this appendix, we list the local contribution which comes from each term of (3.46) and
(3.47). In a similar way to (3.34)-(3.36), the following local terms are extracted up to
O(log a(τ)):
∂µ
{
2κ〈w+(x)〉|NLηµν∂νϕˆw(x)
} ≃ κ2H2
4π2
log a(τ)×−3
4
∂2ϕˆw(x), (A.1)
∂µ
{
2κ2〈w+(x)w+(x)〉ηµν∂νϕˆw(x)
} ≃ κ2H2
4π2
log a(τ)×−3
8
∂2ϕˆw(x), (A.2)
∂µ
{− 2κ2〈w+(x)(hµν)+(x)〉∂νϕˆw(x)} ≃ κ2H2
4π2
log a(τ)
{3
4
∂20 +
1
4
∂2i
}
ϕˆw(x), (A.3)
iκ2∂µ
∫
d4x′ cAB∂
′
σ
{
4〈w+(x)wA(x′)〉ηµνηρσ〈∂ν(ϕw)+(x)∂′ρ(ϕw)B(x′)〉
}
ϕˆw(x
′) (A.4)
→ κ
2H2
4π2
log a(τ)× 3
4
∂2ϕˆw(x),
iκ2∂µ
∫
d4x′ cAB∂
′
σ
{(− 2〈w+(x)(hρσ)A(x′)〉ηµν − 2〈(hµν)+(x)wA(x′)〉ηρσ) (A.5)
× 〈∂ν(ϕw)+(x)∂′ρ(ϕw)B(x′)〉
}
ϕˆw(x
′)
→ κ
2H2
4π2
log a(τ)
{− 3
2
∂20 −
1
2
∂2i
}
ϕˆw(x),
− iκ2
∫
d4x′ cAB〈∂2w+(x)∂′2wA(x′)〉〈(ϕw)+(x)(ϕw)B(x′)〉ϕˆw(x′) (A.6)
→ κ
2H2
4π2
log a(τ)×−1
8
∂2ϕˆw(x),
i · 3κ〈w+(x)〉|NLηµaγa∂µψˆw(x) ≃ i
κ2H2
4π2
log a(τ)×−9
8
γµ∂µψˆw(x), (A.7)
i
9
2
κ2〈w+(x)w+(x)〉ηµaγa∂µψˆw(x) ≃ i
κ2H2
4π2
log a(τ)×−27
32
γµ∂µψˆw(x), (A.8)
−i3
2
κ2〈w+(x)(hµa)+(x)〉γa∂µψˆw(x) ≃ i
κ2H2
4π2
log a(τ)
{− 9
16
γ0∂0 +
3
16
γi∂i
}
ψˆw(x), (A.9)
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iκ2
∫
d4x′ cAB∂
′
ν
{
9〈w+(x)wA(x′)〉ηµaηνbγa〈∂µ(ψw)+(x)(ψ¯w)B(x′)〉
}
γbψˆw(x
′) (A.10)
→ iκ
2H2
4π2
log a(τ)× 27
16
γµ∂µψˆw(x),
iκ2
∫
d4x′ cAB∂
′
ν
{(− 3
2
〈w+(x)(hνb)A(x′)〉ηµa −
3
2
〈(hµa)+(x)wA(x′)〉ηνb
)
(A.11)
× γa〈∂µ(ψw)+(x)(ψ¯w)B(x′)〉
}
γbψˆw(x
′)
→ iκ
2H2
4π2
log a(τ)
{9
8
γ0∂0 − 3
8
γi∂i
}
ψˆw(x).
By summing up (A.1)-(A.11), we can derive (3.49) and (3.50). Note that (A.3), (A.5), (A.9)
and (A.11) do not preserve the effective Lorentz invariance.
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